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Abstract. We study certain spaces of nilpotent orbits in the 
Hodge domains introduced by [GGKl], and treat a number of ex- 
amples. More precisely, we compute the Mumford-Tate group of 
the limit mixed Hodge structure of a generic such orbit. The re- 
sult is used to present these spaces as iteratively fibered algebraic- 
group orbits in a minimal way. We conclude with two applications 
to variations of Hodge structure. 



1. Introduction 

Mumford-Tate groups are the natural (Q-algebraic) symmetry groups 
of Hodge structures, in the sense of stabihzing the (mixed) Hodge sub- 
structures of all tensor powers of a (mixed) Hodge structure and its 
dual. They were originally introduced by Mumford [Mu] to give a 
Hodge-theoretic characterization of certain families of abelian varieties 
studied by Kuga and Shimura. In that "classical" context - of weight 
one Hodge structures - they turned out to have spectacular applications 
to the Hodge conjecture and to Shimura varieties (cf. [Del], [Ke, Mi]). 
For Hodge structures of higher weight, Mumford-Tate groups and the 
homogeneous classifying spaces for Hodge structures with given "sym- 
metries" that are provided by their orbits - called Mumford-Tate do- 
mains - have been less explored, a situation which started to change 
with the works [C], [PL], and [GGKl]. The present paper studies de- 
generations of Hodge structure within this context. 
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Consider a period domain - that is, a classifying space for Hodge 
structures with given Hodge numbers and polarization - or more gen- 
erally, a Mumford-Tate subdomain of a period domain. This will al- 
ways be a homogeneous space for the action of (the real points of) a 
reductive Q-algebraic group G; write 

D = G{R)/H, 

and r < G{Q) for a non-co-compact congruence subgroup. In the 
classical (weight one or K3) cases, one has a toroidal compactifica- 
tion of r\D with boundary components related to nilpotent cones 
[AMRT]. The very difficult "extension" of this to the non-classical 
setting (a dream of Griffiths in [Gr]) has only recently been worked out 
by Kato and Usui [KU] for period domains, resulting in a log-analytic 
partial compactification of the quotient r\D by (quotients of) bound- 
ary components B{a); the latter still correspond to nilpotent cones a 
in Lie{G). While the result is not compact, it suffices - thanks to 
Griffiths transversality - to complete period maps from complex man- 
ifolds into r\D. Their definitions extend without much effort to the 
Mumford-Tate subdomain case (cf. §6 below), but this has not yet 
been systematically studied. Even for the period domain case, when 
dim(cr) > 1, the algebraic-group structure is complicated and still in 
some ways rather obscure. 

Computing the Mumford-Tate group of the generic limit mixed Hodge 
structure parametrized by a boundary component, in particular, is a 
natural and unexpectedly subtle problem which arose during the writ- 
ing of [GGKl] (cf. §I.C). Our solution is given in Theorem 2.8 for 
dim((T) = 1 and Theorem 5.2 for the general case. One motivation 
for pursuing this is to give a precise relation between the -B((t)'s and 
classifying spaces for polarized MHS of the type considered by Hertling 
[He], and use this to understand their structure. This is carried out 
below in the first half of §7. 

Another piece of motivation comes from the study of automorphic 
cohomology in [C] and [GGK2] . A non-classical Mumford-Tate domain 
D may have no nontrivial holomorphic automorphic forms with respect 
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to a given F/ with the consequence that T\D is non- algebraic. With 
(say) H^{D,K'f)"^Y = {0}, one can instead consider the higher auto- 
morphic cohomology groups - such as^ Hp(D, Kf,"")^ - introduced in 
[GS]. In the special case studied by Carayol [C] (also see Example 8.4 
below), in spite of the non-algebraicity of T\G{M) / H , the boundary 
component quotients turn out to be isomorphic either to C*, a CM 
eUiptic curve E, or its conjugate E. For certain spaces of automor- 
phic cohomology classes, he defines generalized Fourier coefficients in 
{H^{E,0{—n))}nen, and proves that the space is spanned over C by 
classes for which all of these coefficients are defined over Q. Such an 
arithmetic structure is potentially very useful from the standpoint of 
the Langlands program, with the ultimate goal of constructing Galois 
representations corresponding to automorphic representations not ap- 
pearing in the coherent cohomology of any Shimura variety (such as 
degenerate limits of discrete series). 

Consequently one desires, as a first step, some simple conditions 
under which Tf\B{(T) has a canonical model over Q. Such conditions 
are laid out in Proposition 7.4 and Theorem 7.9 (and its corollaries), 
and put to work on examples in §8. There, we first consider cases 
where D is a period domain for Hodge structures of weight 1, 2, and 
3 (with G = Sp4 or 5*0(4,1)), the last of which was the focus of 
[GGK3]. Turning to subdomains, we then treat Carayol's weight 3 
example (with G = f/(2, 1) and Hodge numbers (1,2,2,1)) and an 
"exceptional" domain for weight 2 Hodge structures with Mumford- 
Tate group G2 and Hodge numbers (2, 3, 2). 

It is natural to expect that the new technology of Mumford-Tate 
domains and their boundary components should have some applications 
to variations of Hodge structures, say over a fixed curve <S. In §10 we 

^This statement is necessarily vague, due to the limited state of knowledge on this 

point for non-co-compact T. When T is co- compact and D non-classical, it is known 
that H^{r\D, 0{£)) = {0} for all nontrivial holomorphic homogeneous line bundles 
C. 

^More generally, one could replace K'^"^ by a homogeneous vector bundle deter- 
mined by an irreducible representation of the compact Lie group H. A great deal 
is known in the line bundle case, particularly when iJ is a torus. 
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obtain some refined rigidity and Arakelov-type finiteness results for 
VHS on <S with fixed local system, Hodge numbers and M-T group. 
We make the elementary observation that they might be classified by 
their values in a single boundary component, which already in the rigid 
case should be of arithmetic interest. A key example is the geometric 
G2-VHS (with Hodge numbers (1,1,1,1,1,1,1)) arising in the work of 
Dettweiler and Reiter [DR] (partly based on [Ka]), which is the subject 



In the remainder of the introduction, we set up notation for the rest 
of the article and review some classical results on the representation 
theory of 5I2 which we shall need. Let G be an algebraic group defined 
over Q and A; C C a field; then the group of /c-rational points will be 
denoted G{k).^ When /c is R (resp. C), this will be regarded as a 
real (resp. complex) Lie group with Lie algebra g (resp. 0c) Two 
examples which play a distinguished role below are the algebraic tori 
U C S inside GL2 with /c-rational points 



Next recall where a Mumford-Tate domain comes from: let 

• y be a Q-vector space; 

• Q be a (—1) "-symmetric bilinear form on V; 

• V • U — )• Autiy.Q) be a morphism of algebraic groups defined 
over M, with V(-l) = (-l)"idy and g(-, V(^)-) > 0; and 

• 'G < Aut{V, Q) be the Q-algebraic group closure of V(U(M)). 

Equivalently, V is a Hodge structure on V polarized by Q, and 'G is 
its Mumford-Tate group. The corresponding Mumford-Tate domain is 
defined to be the orbit 



of §9. 





'D := 'G'(K).V, 



concise review of algebraic groups may be found in [Ke, sec. LA]. 
^We will write 0q for the underlying Q-vector space, and Qk := 0q 0q k. 
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under the action by conjugation. The compact dual 'D of 'D is the 
(left-translation) 'G'(C)-orbit of the Hodge flag ' F' corresponding to 
'99. This is always a complex projective variety defined over a number 
field, and contains 'D as a real-analytic open subset. 
Now, 'G is reductive, so we write 

• A := 'G/'G^^^^ for the maximal abelian quotient,^ 

• M := 'G^^ = 'G/ZiQ for the (Q-algebraic) adjoint group, 
and consider the composition 

finite 
/ quotient 

cp-.V^'G 'G/{Z,G n 'G^^'} ^AxM^:G. 

Applying the obvious projections, we have (pA '■ ^ ^ A and 

(/?M : U ^ G ^ M c Aut{m, B), 

which gives a polarized Hodge structure of weight zero on m := Lie{M). 
(The polarizing form B is restricted from Q on End{V); it need 
not be proportional to the Killing form if M is non-simple, but we 
shall denote it by B anyway.) This allows us to present 'D as a Hodge 
domain 

D := M(R).(^M = G{R).ip ^ 'G{R).'ip (= 'D), 

cf. [GGKl, sec. IV.F]. The reason for the different notations D, 'D 
is that we think of the first as a set of (weight zero) polarized Hodge 
structures on m and the second as polarized Hodge structures on V 
(usually of positive weight). This also illustrates the fact that the same 
complex manifold may appear in many different ways as a Mumford- 
Tate domain G{R)/H (with different groups G{R) and H). 

What we shall study in this paper are the boundary components^ 
B{a) of D; in particular, we wish to 

• compute their Mumford-Tate groups, 

• express them as double-coset spaces, and 

^It follows from [GGKl, IV.A.2] that A{R) is compact. 

^Thcsc arc defined in §2 (rank one case) and §6 (general case), as sets of nilpotent 
orbits in Dm, or equivalently as the corresponding equivalence classes of limit mixed 
Hodge structures. 
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• determine when they have a CM abehan variety as discrete 
quotient. 

The point of the last bullet is to develop a simple criterion, when r\D is 
non-algebraic, for it to have Q-algebraic boundary components. In this 
case, at least for G of Hermitian type, we expect that (as in Carayol's 
example) one can layer a notion of arithmeticity on to a subspacc of 
automorphic cohomology by asking for those classes whose "Fourier 
coefficients" - certain cohomology classes on the boundary quotient, 
yet to be constructed in general - are defined over Q. Though we 
won't develop these ideas here, they have infiuenced our decision to 
focus on CM abelian varieties, cf. Remark 7.12. 
Representations of the Lie algebra sl2, spanned by 

"■^=(0 0) ■ "-=(1 0) • "={1 -i)' 

will play a key role in computing the Mumford-Tate groups. Let F be 
a subfield of C. Any triple of elements e+, e_, x e ttif satisfying 

[x,e+] = 2e+, [x,e_] = -2e_, [e+,e_]=x 

is called an F-512-triple.'' It is equivalent to a homomorphism 

p : SL2 M 

with dp : sl2 ^ xn defined over F (and x = dp{y), e+ = dp{n^), and 
e_ = dp{n-)). 

Let a nilpotent element e_ e mc be given. Define 

trie. := im(ade_) n ker(ade_) 

and let Me_ denote the corresponding algebraic subgroup of Mc- We 
have the two famous theorems: 

Jacobson-Morosov. [Ja, Mo] There exists an sl2-triple (in roc) with 
e_ = dp{n-), i.e. as "nil-negative element". 



^If F = C, we shall just call this an s[2-triple. 
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Kostant. [Ko] (a) Given additionally x G mc satisfying 



(i)[x,e-] 



2e_ and (ii)x e im{ade-), 



there is an unique choice of e+ E trie completing e_ to an sl2-triple. 

(b) The set of all sl2-triples having e_ as nil-negative element is the 
Me_ -orbit 



(c) The set of all x occurring in this orbit (or equivalently, all x 
satisfying the assumption in (a)) is 

x + me_,c- 

In the entire statement of Kostant, one can replace C by M (when 
e_ G itim). According to the following observation, we can also refine 
parts of the above for smaller ground fields: 

Schmid. [So] i/"e_ G ttif; then there exists an¥-sl2-triple containing it 
as nil-negative element, say {x, e+, e_). The set of all such is in 1-to-l 
correspondence with a; + tne_,F- Hence, if x' G ntc satisfies (i) and (ii) 
above, then the affine subset x' -\-me_,c consisting of all such is defined 
over¥, and contains elements inmf (with corresponding "e+ " inmv). 

We conclude with a couple of further comments on notation and 
terminology. For an element g in a Lie group, (g) denotes the subgroup 
it generates; for 7 an element of a Lie algebra, the line it generates is 
denoted by (7), with the field understood from context (or a subscript). 
For example, given a Hodge domain D as above and a nilpotent element 
A*" G rriQ, a nilpotent orbit is a subset e^^^^.F' C D where N{F') C 



By far the more important point is our intentional (and consistent 
throughout this paper) notational disregard for issues of disconnect- 
edness. For instance, by M(M) we shall always mean the identity 
connected component in the sense of real Lie groups, usually writ- 
ten M(R)+; likewise. Dm is always connected (and really an orbit of 



{(Adg.x,Adg.e+,e-) \g G Me_(C)} 




F-i and e^^.F' G D for Q{t) > 0. 
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M(M)^). In addition, there are three further kinds of disconnectedness 
pertaining specifically to boundary components:^ 

• In M(]R)+, Z[N) can fail to be connected. (In fact, the cen- 
tralizcr of in M(C) can even fail to be connected. On the 
other hand, Mn - real or complex - is always connected: in- 
deed, since it is unipotent, one can connect each element to the 
identity by a one-parameter subgroup.) 

• B{N) can break up into different components with different 
/^'^-dimensions. These cannot be mapped one to another, even 
by Z{N){C) (which respects l^(A^), hence must preserve 7^'^- 
dimensions) . 

• Even within the subset of B{N) comprising LMHS with fixed 
7^'^-dimensions, we can have different connected components 
since Gr^^ Mb(n)(^) may not be connected. 

Instead of adding a "+" to every real Lie group and a "connected 
component of" to every boundary component (and M-T domain), we 
have simply left these things tacit throughout. There are, beyond 
readability, two very good reasons for focusing on connected compo- 
nents: the first is that it eases passing back and forth between the 
Lie-algebra/tangent-spacc point of view, and the Lie-group/orbit per- 
spective. The second is that invariants (Mumford-Tate groups, fibra- 
tion structure, etc.) of the connected components in "one" boundary 
component are likely to be different.^ 

Acknowledgments. The authors are grateful to P. Griffiths and M. 
Green for stimulating correspondence, and P. Brosnan for a helpful 
discussion. This work was partially supported by NSF Standard Grants 
DMS-1068974 (Kerr) and DMS-1002625 (Pearlstein). 



These are stated for the rank-one case, cf. §2 (where B{N) and the {J^"'^} are 
defined); they have obvious generahzations replacing N with a. 
^In [GGKl] (cf. Example VI.B.15), it was discovered that (the finitely many) 
connected components of the subset of a period domain comprising Hodge struc- 
tures with Mumford-Tate group contained in a given (Mumford-Tate) subgroup of 
Aut{V, Q), need not have the same generic Mumford-Tate group. 
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2. RANK-ONE BOUNDARY COMPONENTS 



We continue with the setup of §1. Postponing a fuller discussion of 
Kato-Usui compactifications to §6 so as to get straight to a statement 
of the core result, write 

• M — adjoint Mumford-Tate group, 

• Dm — Hodge domain for M 

as above, and also: 

• iV G rriQ a nilpotcnt clement; 

• W{N), := the corresponding "weight" filtration on m, centered 
about 0; and 

• ntAT := im(adiV) n ker(adiV) = Lie{MN). 

The boundary component associated to is defined by 



• the Q-local system m — > A* given by the monodromy operator 
T := e^'^^ on tuq, and 

• the family of filtrations given with respect to the multivalued 
basis of mc by e2i?i°g(«)^F'. 

This has LMHS (m, F\ W{N),) (henceforth abbreviated (F*, W{N),)), 
which means in particular that we can think of Bm{N) as a set of 
LMHS; accordingly define 

B^{N) := {f* e Bm{N) \{F',W{N),) is an K-split MHS} , 



BMiN) := BMiN)/e^^^''{ = set of nilpotent orbits) 



where 




For any F' e Bm{N), we can consider the VHS 



: A* ^ {T)\Dm 



given by 



and 



Bl(N) :=5^(iV)/eW«cSM(A^). 
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To understand the relationship between Ma? and the weight filtration 
W{N),, introduce: 
• the centralizer 



with Lie algebra ^m{N) :— ker(adA'^); and 
• the "weight filtration" 

W^M ■={geM \Ad{g - id)W{N)im C W{N)i+,m (Vi)} 

on M (and its subgroups). 
We shall prove the following later. 

Lemma 2.1. (i) Lie{W^ M) = W{N)km, 
(ii) Zm{N) c Wi'M, and 
(Hi) Mn = Zm{N) n W^^M. 

Remark 2.2. (a) In fact, by the construction in §1 of Hodge structures 
on m C End{y) (from HS on K), and the compatibility of taking limit 
MHS with tensor and dual operations, it is clear that 



(cf. Definition 2.3 below). Though (i) in Lemma 2.1 is clear from this, 
we shall also give a more instructive proof in §3. 

(b) Hodge tensors in a nilpotent orbit^° remain Hodge in the hmit; 
in particular, the polarizing form B e (m^)®^ gives perfect pairings 



(c) Furthermore, it is well-known (cf. [Cal]) that the formulas 



yield polarizations on Gr\ m for A; > 0. (If A; < 0, one defines Bj. via 
B_k and the Hard Lefschetz isomorphism : Gr^l^^^m ^ Gr^'^^'^m.) 

Henceforth all subscript M's will be dropped, 
^'^or, more generally, in a polarized VHS, cf. [GGKl, I.C.I] 



Zm{N) := e M |Ad(^)7V = TV} D M, 



AT, 



(ad7f'^(mc))/^''^'(mc) C 7f+^''«+«'(mc) 




Bkiy.w) := B{v,N''w) 
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Next, we recall some material from [De4], [An], [GGKl]. 

Definition 2.3. Let (V, F', W,) be a MHS. 

(i) [De4, CKS] The Deligne bigrading P''^{Vc) associated to this MHS 
is the unique bigrading of Vc such that ®p+g<n-^^'^ = ®p>po;qI^''^ — 
FP°, and = 1^°'"° mod ©p<po;q<?o-^^'^- (One has = P'l (Vp, q) 
<(=^ (y, F, W) is R-split.) It is compatible with tensors and dual in 
the obvious way. 

(ii) [GGKl, I.C.3] Define <f : §(C) C* x C*) ^ Aut{Vc) by C- 
linear extension of the rule "(p{z,w)\ip,q — multiplication by z^w'^". 

(iii) [An] The Mumford-Tate group M(^f,w) [resp. full MTG M(f,w)\ 
o/(y, F*, W.) is the largest Q-algebraic subgroup of GL{V) fixing [resp. 
scahng] all Hodge tensors. 

We remind the reader that for {F*,W,) G B{N), N belongs to 
/~^'~^(mc). To generalize (iii) to a set of MHS, require that the group 
fix [resp. scale] Hodge tensors common to the whole set. 

Lemma 2.4. (a) [GGKl, I.C.6] In the situation of Definition 2.3, 
the Q-closure of (p is M(^f,w)- (There is no corresponding result for 

(b) For a set of MHS, the full MTG equals the Q-closure of the 
corresponding set of ip 's. 

As above, one defines a weight filtration W, on M(^f,w)- The following 
properties are standard (cf. [A-K],[An]): 

(1) WoM^F,w) = M(F,wy^ 

(2) ll^_iM(^vi^) is its unipotent radical; 

(3) Writing Afgpiit for the (reductive) MTG of the Hodge structure 
(BiiGrYV^GrY F*), one has a split short-exact sequence 

^ W-iM^F,w) M^F,w) Mspiit ^ 0. 

This also holds with the two right-hand groups replaced by the 
respective full Mumford-Tate groups. 
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We denote the representation of I[J(C) [resp. §(C)] corresponding to 
©i (Gr^V,GrJ^ F*^ by <^spiit [resp. <^spiit]- Now for the central object 
of study: 

Definition 2.5. The Mumford-Tate group Mb(n) of the boundary com- 
ponent B{N) is the largest algebraic subgroup of M fixing the Hodge 
tensors common to all {F',W{N),) E B{N). (That is, it is the MTG 
of B{N) viewed as a set of MHS. Similarly one defines Mb{n), -^B»(Ar), 



Since Mb(n) is the MTG of a set of LMHS having N as a Hodge 
tensor, it is contained in Z{N); likewise, Mb{n) is contained in 

Z{N) := {gEM\M{g){N)<Z{N)}. 

So for any (hmit) MHS (p e B{N) we have a diagram 

(2.1) S > Z{NY ^ Aut{m,B,W{N),) 



U ^ Z{N)/M^^ x,Aut{GrY^''^m,B,). 



It will be convenient to write Gr^^^^ip for the composition of Adot/^gpiit 
with the projection to Aut{GrY^^^m, Bi). 

Remark 2.6. The three groups 

(a) Aut{GrY'^''^m,Bo) x Aut{GrYI''\ B_i), 

(b) Xk>oAut{Pk, Qk), where := ker(iV'=+i) C GrY^^^m and Qk : = 
Bk\p^^, and 

(c) Xfc>oAwt(GrT^3(iV),i?-fc|...) 

embed "diagonally" in XiAut{Grf'^^^m, Bi), using the maps 



Gr7'"'m ^ Gr 



tn 



Gr ■ 'm {j even) 



W(N) Af(J+i)/2 w(N) N^-^y^ w(N) I . , ,v 
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and the isomorphisms 

■ Grf ""m = e,>„„io,-,}A''J'j+2(, 

Since Z{N) commutes with N, one easily verifies that the bottom Ad 
in (2.1) factors through each of (a)-(c). We conclude that the groups 

Gr^Z{N) = Z{N) /Mn , Gr^Z{N) = Z{N) /M^ 

act faithfully on the vector spaces 
(a') Gro^(^V © Gr^f ^ra, 
(b') ©fc>o-Pfc, and (perhaps most naturally) 
(C) ©.>oGrl^r^3(iV). 

This reveals that the Hodge structure (psput is completely determined 
by its restriction to these spaces. 

An important related point, which establishes Gr^Z{N) as a possi- 
ble Mumford-Tate group of (pspUt: is the 

Proposition 2.7. (i) Gr^Z{N) and Gr^ Z{N) are reductive; and 
(a) Mjq is the unipotent radical of Z{N) and Z{N). 

Proof. Given <p e B{N), set C := (fi{i,-i) G Z{N){C). We may 
consider (conjugation by C) as an automorphism of Z{N)/Mn. 
Since Z{N)/Mn acts faithfully in blocks on ®e>oPe (or ®e>oGr^t^{N)), 
and = </'(— 1, —1) acts in scalar blocks on ®ePe, they commute. 
Hence is an involution. Considered as Hodge structures, the P(, 
are polarized by Qf, in particular, the Hermitian forms defined by 
Qi{Cv,w) {v,w e Pe) are positive-definite. Since the real form 

g:={ge {Z{N)/Mn) (C) \^c{9) =9} 

of Z{N)/Mn evidently preserves these forms, it is compact. We con- 
clude (by the criterion in the proof of Prop. 3.6 in [Del]) that Gr^ Z{N) 
is reductive, and (ii) follows from this at once. □ 

We are now ready to state the main result in the rank-one case: 
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Theorem 2.8. Assume B{N) 7^ 0. Then we have Mn C Mb(n) Q 
Z{N). More precisely, 

(A) W^iMb(n) = Mn; and 

(B) Gr^MB(N) ^ Gr^Z{N) is the Mumford-Tate group of the set 
Gr^ Z{N)(M.). if split of Hodge structures on (h') [resp. (a'),(c')] above, 
or equivalently the Q-algebraic group closure of a generic (fispiu- 

A similar statement holds for Mb{n)- 

3. Some lemmas 

Definition 3.1. Given a MHS {V, F* , W,), we define its Deligne split- 
ting (a splitting of W,) to be the element Y e End{Vc) having ©p+g=fc/^'^(Vc) 
as fc-eigenspace (V/c). Note that Y e I^'^. 

We reiterate that the mixed Hodge structures parametrized by bound- 
ary components B{N) are limits of weight zero A'^-nilpotent orbits with 
V — vci, W, — W{N),. Hence the eigenvalues of Y are automatically 
centered about 0. 

We shall work for now under the assumption that B*(N) 7^ 0. For 
simplicity, the notation Ad for M acting on m will be dropped (except 
for occasional emphasis); so nilpotent orbits are now just e'^^ .F* . 

Lemma 3.2. B^{N) contains a Q-split MHS {F*,W{N),). 

Proof. By assumption, we have a nilpotent orbit e'^'^ .F'mc with M- 
split LMHS {F^,W{N),). The Deligne splitting of the latter kills its 
Hodge (0, 0) tensors, in particular any which survive to Hodge tensors 
in the nilpotent orbit. Hence this splitting is of the form adYo for some 
Yo e mu. 

Now by [CK] (3.3), we know Y e im(adA^). Since e m^, the 
results of Kostant and Schmid in §1 imply the existence of gf € Mjv(M) 
such that Y := g.Yo belongs to itiq; and then 

g.e^^.F' = e^^.g.F* =: e^^.F* 

is a nilpotent orbit with adY the Dehgne splitting of its LMHS (F*, W{N),). 

□ 
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Lemma 3.3. Z(iV)(M) acts transitively on B^{N). 



Proof. Clearly Z{N){R) acts on B^{N), since for g e Z{N){R) 

g.e^^.F' = e^^.g.F' 

and ge^^ F* is still in D for Q'(r) ^ (as (7 is real). 

Next we determine the tangent space to B{N) at some point p — 
{F*, W{N),), in terms of whose Deligne bigrading we consider the sub- 
spaces (m^''« := P''i{mc)) 



p,<i 

p<0 



p> -1 



of ntc- There is a natural identification of TpD with q. Let {a{t)}t^(^_e,e) 
be a curve in q with e°^W.F» e B{N) (and a(0) = 0). Then e^^.e"W.F' 
must be (Vt) a nilpotent orbit, hence 



-ada 



Differentiating and setting t — gives 

[a'{0),N]FP C FP-^ 



[Q;'(0),Ar] epn(adAr)q. 



But from the picture 




ad(N) p 
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we have p fl (adA^)q = {0} 

=^ a'{0) e ker(adAr) = ^{N)c, 

so that ^{N)c n q ^ ^{N)c/F'^{^{N)) is identified with TpB{N). 

Now suppose that mf-* = Vp, g, i.e. p e S'^(A^), and let ^{t) be a 
curve in i{N)c such that (e^^F', ly(A^).) stays in S^(A^) (and ^(0) = 
0). Then ^Mf^ n e^^^^F^ n M^p+g, or equivalently n e'^h^^^^FP n 
Wp+q, must remain of the same dimension as at t = (for all p, q). By 
a short calculation, this imphes that 3^(/5'(0)) e (F° + F^) n3(A^)]R, so 
that 

/3'(0) e ((F" + n3(7V))^ e ((q n q) n3(7V))K . 

Hence under the projection trie tnc/-F° = q, 

p(/5'(0)) e p(3(iV)K) ^3(Ar)K/(m°'On3(iVV}. 

It follows that Z(A/")(M) acts locally transitively on B^{N), i.e. that 
the orbit of a point yields a real- analytic open subset; and a connected 
set cannot be a (disjoint) union of such orbits. □ 

Now fix (by Lemma 3.2 and §1) 

• {F',W{N),) e B^{N) Q-split (L)MHS, 

• Ye rriQ associated Deligne grading, and 

• e triQ such that {Y, iV+, N) is a Q-sl2-triple. 

Consider the decomposition 



into isotypical components, where V{i) is a copy of the (£+1) -dimensional 
irrep of 5I2. More precisely, writing V(£) — span V-]+2i ■ ■ ■ ■> '^P} 
we have on each copy 

. (ady)4^) = kv^;\ 



0, k^£ 



otherwise 



I otherwise 
Note that the 5l2-triple itself is a V{2) c m. 
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Setting 

E{k) := {v em\ {a.dY)v = kv} dm 
the definition of W{N), is 

W{N)mm := ®k<mE{k). 

(Tfiis is independent of the choice of Y, though the individual E{k) 
are not.) 

Proof of Lemma 2.1. (i) Let v € E{k) be given. For w £ the 
Jacobi identity gives 

[y, [v, w]] = [v, [y, w]] + [[y, v]M- U + k)[v, w] 

=^ {a.dv)w e E{j + k). 

Moreover, there is some j G Z and w £ -^/O) such that (adf)w 7^ 0: 
namely, j = and w = y. Since 

Lie (w^m) = {7 e m |(ad7)iy(7V)i C W{N)i+k (Vi) } , 

the statement follows. 

(ii) Prom the above characterization of isotypical components, any 
7 e ker(adA'") is a sum of v^]'s. That is, 

d{N) = ®i>om{i) n E{-i) C W{N)om. 

(iii) We have 

3(iV) nim(adiV) = ®^>o ((adiV)m(£)) n 

= ®e>Mi) n 

= 3(A^) n W(N)_im. 

□ 

Emphasizing that we are working with a Q-split MHS, we turn to 

Lemma 3.4. The m{£) cm (a) are sub-MHS, and (b) admit a further 
decomposition 
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where 

m(£, a) := m(£) n {®p-,=aP''{rac)} 
are themselves sums of copies ofV{i)c- 

Proof. For (a), simply write 

^ r ker{(adA^)^^+i} nim{(adA^+)^} 

[ nker{(adiV+)^'-^+i}nim{(adiV)^-*=} ^ 

and note that adA^, adA^+ are morphisms of MHS of respective types 
(-1, -1), (+1, +1). (Of course, for this is only by virtue of (F*, W{N),) 
being Q-spht.) To produce (b), one takes the (adA^)-orbit of the Hodge 
decomposition of the pure Hodge structure m.{£) fl E(i) = m.{£) D 
ker(adiV+). □ 

Consequently we can read off the full MHS on m from pure Hodge 
structures of weight i 

(Note that E{i) c W{N)em Grf sends Pe 4 Pe.) Writing 

V{i) :=©Q(fc) 

fe=0 

and endowing with the trivial 5(2-representation, 
(3.1) m^0P,®y(£) 

as MHS and 5(2-representations. 

4. PROOF OF Theorem 2.8 

Express the Q-split MHS (F*, W{N),) and sfc-representation (F, iV+, N) 
of §3 by {(p,dp). The idea of the proof is to let Z{N){R) act on this 
pair to yield (by Lemma 3.3) all of B^{N). Then take (as per Lemma 
2.4(b)) the Q-closure of the union of the images of all (p' e Z(7V)(M).(^, 
to yield Mb^{n)- (At the end of the proof we shall check that this coin- 
cides with Mb{n)-) In fact, all we really need to determine is tTiBii(jv)) 
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which we can do by acting infinitesimally (to arbitrary order) on the 
tangent space to <^ - that is, by repeated apphcation of ad3(A'')R. 



Proof. We start with an exphcit formula for (p, using Definition 2.3. 
The sphtting of F* induced by the {®qP''i{mc)}p^j^ kills Hodge (0, 0)- 
tensors, hence any Hodge tensors in the nilpotent orbit, and scales 
N (e "-^(ntc)). Thus it may be written ad^ for some ^ e $iN)c — 
+ (^))c Q trie. Since (p is R-split, ad^ not only splits F* but 
has eigenspaces {®pl^''^{^c)}g^z- ^^^^^ from N e I~^'''^{mc) it is 
clear that [N,^] — N — [N,^]. Further, ^ and ^ commute with each 
other and with Y since the three are simultaneously diagonalizable. By 
Definition 2.3(ii), we have immediately that 

(f{z,w) = exp(log(2;)ad^ + log(w)ad^) 

Now (^(-2^, w"^)/ exp(log(zw)adF) is clearly of pure weight zero, so is 
of the form exp(log(2;/'u;)i0) where we have 

In particular, commutes with and Y and so 

0e (3(Ar)n£;(0))M = m(0)ffi. 

Recalling (3.1), we see that acts on tn through the {P(} while Y acts 
through the {¥{1)}. The formula becomes 

(4.1) (^(2;, w) = exp ^- log(2;'u;)adF + ^ log(2;/'u;)ad0^ , 

and determines </?spiit through 

(Grf ^^V) {z) = <^(^,^"^)|^(^) = exp(ilog(2;)(ad0)|e(^)) . 

For later use, we note that m(0) is defined over Q and closed under the 
Lie bracket. 

We wish to take the Q-algebraic group closure of the set of Z{N){M.)- 
conjugates of 

<f{C* X C*) = {exp(Q;y + /30) I a, /3 e C} 
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in Z{N){C). As mentioned before, to compute tnBK(Ar) it suffices to 
take the Q-Lie-algebra closure of Z'(A^)(M)-conjugates of the tangent 
space 

(4.2) T^ifiiC* X C*) = {aY + /Scj) \ a, /3 e C} 

in l{N)c. We first consider the effect of an infinitesimal Mjv(M)-action 
on (4.2). 

Let {7j} C trijv be a basis consisting of F-eigenspaces; that is, 7^ e 
E{ki) n triAT with ki < 0. Then 

(ad7i)F = -(adF)7i = -k^i, 

while e (3 (AT) n ^(0))m, 7i e 3(Ar) n E{ki) gives 

(ad7i)0 e (3(Ar) n £;(A;i + 0))„ C (mAr)K. 

To first order in e, the tangent plane to e'^^^^'^\ip{z, w) (/^j G M; action 
by conjugation) is then given by 

aY + /3((> - eaY^ Hik^i + e/3 ^ /Xi(ad7i)0 

i i 

(where a, /3 G C). By taking = we already get all 0/ (mjv + (V))c 
from the effect on Y alone. (In fact, this essentially reproves part (c) 
of Kostant.) 

To go from Mjv(M)-action to Z(Ar)(M)-action, let 7 e (m(0))M; then 

(ad7)y = -(ady)7 = 
(ad7)0 e (m(0))M 

and so 

= /3|^0 + e(ad7)(/)+|-(ad7)^(/) + ---j mod (nXiv + (y))c. 
Denote by Qb^{n) the Q-Lie-algebra closure in m(0) (= 3(n)/miv) of 

(4.3) (0)c+ E M7)(0)c+ E (ad7)'(0)c + --- ■ 

7em(0)R 7ew(0)ji 
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Then (Y) and 

are Q-Lie algebras in j{N) mapping isomorphically to their images in 
j{N)/mis[, and we have proved the short-exact sequence 

triAT tflB«(Ar) dB*{N) 0. 

Note that we have crucially used the facts that rtiiv + {Y) is a Q-Lie 
algebra and that rri(O) and Y commute, so that the only Q-closure 
which needs to be taken is that of (4.3). Intersecting with ^{N) now 
gives 

triAT tnBii(jv) Qb*{n) 0. 

To finish off the proof we must show that none of these groups "in- 
creases" upon passing from B^{N) to B{N). Given (p' e B{N), there 
exists a natural element 

\P,9<-1 

such that: 

(1) e~'^.<p' is M-split; 

(2) 6 e W-2m; and 

(3) S commutes with all (r, r)-morphisms of MHS. 

Clearly (2) gives e"''" G (M/_2M)(C) C {W_iM){C), while (3) ^ 
[S,N] = 

=^ 5e3(iV)R =^ e-'' eZ{N){C). 

By Lemma 2.1, wc now have S G A'/jv(C). Now a priori, e~'^^.(p is just 
a MHS polarized by A^. The "converse to (2.3)" in [CK] says that this 
suffices to make e'^^e~^^F^, a nilpotent orbit; hence e~*^.<^' G B^(N). 
This shows that 

B{N) ^ B^{N) ^ 0. 



This is by a result of Deligne, cf. [KP, sec. 4]. What is not addressed there is 

the fact that (in the present setting) 8 belongs to the Muniford-Tate Lie algebra 
m. This follows at once from its functoriality with respect to Tannakian operations 
and property (3) below. 
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Provided we act on the Hodge filtration F* (instead of (f), the "con- 
verse theorem" (loc. cit.) also imphes that B{N) is closed under the 
action of Mn(C). So by the last paragraph, the Mw(C)-orbit of B^{N) 
is all of B{N). Together with the proof of Lemma 3.3, this means that 
on an infinitesimal level the ad(q fl q fl mjv,c)iM-orbit of our given Q- 
split MHS p = {F%W{N),) surjects onto TpB(N)/TpB^(N). This is 
consistent with the action of ad(q fl q nmiv,c) on 0. The upshot is that 
we only need to examine the effect on our original aY + ^0 by a larger 
subset of ad(Tniv,c) replacing ad(Tniv,M) in the above argument, which 
obviously does not change the Q-closure. The proof of Theorem 2.8 is 
now complete. □ 

Two new results come out of this proof. For the first, we need 

Definition 4.1. := 3 W n E{0), Qn := 1{N) n E{0) (= Qn + (Y)), 
Qb{n) ■= 0i?K(Ar); with corresponding Lie groups Gn, Gb{n) < Mb{n) 
and Gjv, Gb{n) < Mb{n)- 

Proposition 4.2. We have semi-direct product decompositions 
Mb{n) = Miv X Gb{n) CMnxGn 

Mb{n) ^MnX^ Gb(n) QMnX^Gn 

with all groups Q-algebraic, Gb{n), Gn, Gb{n), Gn reductive, and Mn 
the unipotent radical in each case. 

While Gb{n) depends on the choice of Q-split MHS in Lemma 3.2, 
its (isomorphic) image under the quotient by Mjv is Gr^ Mb[n) (which 
docs not). 

The second result refines Lemma 3.3: 

Proposition 4.3. (i) Mb(n)(^) acts transitively on B^{N); 
(a) Mjv(C) XI Gb{n)(^) dcts transitively on B{N). 

5. Arbitrary rank 

We shall now retell the story of §§2 — 4 in the more general context 
of a boundary component associated to a (finitely-generated) rational 
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nilpotent cone 

a := Q>o{Ni, . . . , Nr) C ntQ, 

where Ni, . . . , Nr G ttiq are commuting nilpotent elements. (Without 
loss of generality these may be assumed to be convex, i.e. a H {—a) = 
{0}.) Write 

a° :=Q>o(iVi,...,iV,) 

for its interior and (cr) for its Q-vector-space closure, with cr^, ((7)k, 
(ct)c all having the obvious meaning. 

A a-nilpotent orbit is a subset of Dm of the form e^°"^'^.F' where F* 
satisfies 

(i) iV,FP c F^'-i (Vj) 
^ ■ ' (ii) e^^^^^^F* e Dm if all ^(t,) > 0. 

As before, we set 

B{a) := {f* e L'm I F* satisfies (i) and (ii)} 

and then 

is the set of cr-nilpotent orbits. We assume B{(7) ^ 0. The rank of 
B{a) is just dim(o') (= r). 

A fundamental result of Cattani and Kaplan ([CK], Thm. 2.3(ii)) 
says that the weight filtration W{N), of m is independent of the choice 
of G 0"°. Without loss of generality wc can put A^ := A"! + ■ • • + A^^, 
and write W{a),m := W{N),m, W^M := W^M. It will also be 
convenient to take elements Ni, . . . , & a° giving a basis for (cr). We 
have the Lie algebras 

r r 

3((7) := n ker(adAj) = f] ker(adAj) 

j=i i=i 

tn^ := im(adA^) r\^{a) 



BOUNDARY COMPONENTS OF MUMFORD-TATE DOMAINS 24 

and their corresponding Lie groups Z{a), < M. Since 3(0") C 3(iV), 
we have 

= mjvn3((7) 

= {W{N)_,n^{N))n^{a) 

which is clearly independent of the choice of N. 

As before we may interpret the elements F' e B{a) as LMHS 
(F', W{a),) on m, and define the R-split loci^^ B^{(t), B^{a) and the 
Mumford-Tate group Mb{,t), MBR{cr)- These MHS have a richer struc- 
ture than in the rank-one setting: according to [CK, Thm. 2.3(iii)], the 
Hard Lcfschetz isomorphisms and polarizations Bk of Remark 2.2(c) are 
induced by any element of o"° (e.g., all the Nj). (However, we shall put 
Bk{v,w) := B{v,N^w) with our choice of above.) Moreover, the 
{Nj} all belong to /~^'~^(mc) - meaning that (cr) consists of Hodge 
tensors. 

Accordingly, for a given (p G B{a), there is a reduction in the infor- 
mation required to describe (^spiit in (2-1), where a replaces N every- 
where and 

Z{a) :^ {g e M \ Ad{g)Nj = ip{g)Nj (Vj) for some character tp} . 

Namely, in order for the primitive spaces in Remark 2. 6(b), (b') to 
match up with Gr^^'^''^{a) under N'^, we must define 

r 

Pk := n ker (adA^^- o (adN)'') C Grf ^^W. 

i=i 

Proposition 5.1. (i) Z{a)/Ma- is reductive and acts faithfully on Q)k>oPk- 
(ii) The HS on ©feCrf tn can be recovered from that on ®fc>o-Pfc by 

(5.2) Gr^'^W^ Y: iadN,J o . . . o {adN.jP,^,,. 

^>max{0,-fe} 0<ji,-,je<r 

Proof, (i) is as before. For (ii), the mixed Lefschetz result of [Cal] 
implies that 

Grf = ker (adAT^- o (adA^)'^) im(adAr^) 
^^also nonempty by the [CK] "converse result" and e~'* process from the end of §4 
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for each j. By the semisimphcity of polarized Hodge structures this 
gives 

which inductively leads to (5.2). □ 

We are now ready for 

Theorem 5.2. For a nonempty Kato-Usui boundary component B{a) 
of Dm associated to a nilpotent cone a C tuq; the Mumford-Tate group 
MB{a) satisfies the following: 

(A) MB(a) is contained in the centralizer Z{a) of the cone; 

(B) W-iMB(a) = is its unipotent radical; and 

(C) Grl^'MB{a) = MB(a)/M^ {cZ{a)/M^) is the Q-algebraic- 
group closure of the orbit {Z^ /M(j) {K).(pspiit, which may be regarded 
as the Mumford-Tate group of a set of polarized HS^^ on (Bk>oPk- 

The analogues of Definition 4-1, Proposition and Proposition 4-3 
all hold, with N replaced by a everywhere. 

Proof. Let (F*, W{a),) e B^{a) with corresponding representation (p : 
S — > Z{a) (defined over R) and Dehgne splitting adF, Y e m^. Prom 
the above discussion and [CK, (3.3)], we have for each j 

Y G im(adiVj) 
[Y,N,] = -2N, ■ 

Prom §1 (and noting rrio- = r\jm^., — HjMff^), we obtain that the 
subsets of tUffi given by 

(5.3) {x e ntM I [x, Nj] = -2Nj, x e im(ad7Vj) (Vj)} 

(5.4) p|{y + tn^,_^}^y + tn,,M 

j 

(5.5) fl {(AdM^,(K)) y) = (AdM,(M)) .Y 
j 

^^note that a "polarized HS" means a direct sum of pure polarized HS 



BOUNDARY COMPONENTS OF MUMFORD-TATE DOMAINS 



26 



are equal. Clearly (5.3) is defined over Q, so the existence of a Q- 
split LMHS goes through as in Lemma 3.2, and we henceforth assume 
y e tuq ( =^ and (F*, W{a),) Q-split). 

The formula (4.1) for (p holds as before, with the following differ- 
ence: since the Nj all polarize {F',W{a),), they produce (—1,-1)- 
morphisms of HS from each E{k) to E{k — 2). Hence they commute 
with (f) and we have 

e (3(a) n E{0))^ = (4 3((x)/m^) . 

Using the equality of (5.4) and (5.5) we have 

AdM^{R).{Y) = (r)+m,,M 

AdM^(M).(0) c m,,M 
{ad5.} {Y) = {0} 

whereupon the remainder of the proof of Theorem 2.8 goes through 
with superficial changes. □ 



6. Interlude on Kato-Usui spaces 

In the remainder of this paper we shall be concerned with the struc- 
ture of boundary components B{a) and certain quotients thereof. The 
purpose of this section is to offer the reader a glimpse of how these 
quotients fit into partial compactifications of quotients r\DM- The 
material surveyed here is done only for period domains in [KU], but 
extends effortlessly to the more general Mumford-Tate domain setting. 

Let S be a fan in m, that is, a set of (finitely generated, convex) 
rational nilpotent cones in m intersecting in faces, which is closed under 
the operation of taking faces. We define 

-Dm,s '■= U ^ Z is a (7- nilpotent orbit | 

= II B{a), 
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noting that this always contains B{{0}) = Dm- In particular, we shall 
write 

, {faces of cr} 5 

which in the rank one case cr = Q>o{N) is nothing but Dm n B{N). 

Next take T C M(Z) to denote a neat^"^ subgroup of finite index, and 
consider the monoid 

r(cT) := r n exp(cTR) 

with group-theoretic closure r{a)^^. We assume that F is strongly 
compatible with S, i.e. 

(1) Ad(7).cT e E (V7 e T,a e S) 

(2) C7M = M>o(logr(cT)). 

By (1), Z !->■ 7.Z induces maps B{a) ^-^ B{Ad{'y).a) and so the quo- 
tient r\Ds makes sense on the set-theoretic level. We quote (but will 
not explain) the main result from [KU]: 

Theorem 6.1. r\DM,T, is a logarithmic manifold, which is Hausdorff 
in the strong topology. For each a G S, the map 

is open and locally an isomorphism. 

Let Fg. C r denote the largest subgroup stabilizing a (viz., Ad{'y).a C 
a). Noting that r{a)^ acts trivially on B{a), we have 

B{a) C (F(a)sP\DM,a) 

with image 

(6.1) - K\Bia) 

under T^. It is these boundary component quotients which will be of 
particular interest in §7. 

^^Recall that this means the subgroup of C* generated by the eigenvalues of the 

elements of T acting on m is torsion-frcc. Using the Jordan decomposition for Af , 
it follows that the action on any tensor space r"'''m (and its subquotients) is also 
free of torsion eigenvalues. Neat subgroups of finite index always exist in M(Z). 
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Though we shall not address log analytic spaces, it seems desirable 
to give the reader some idea of how the MT-domain and boundary- 
component quotients get "pasted together". Kato and Usui accomplish 
this with the aid of ((T)c-torsors 

(6.2) E,^r{afP\DM,a 

which we now explain in the rank-one casewhere a :— Q>o{N), {a)c — 
{N)c, and 

T{ar\DM,. = {T{ar\DM) H B{N). 

Put 

e^i •°g(9)^F' e Dm if g 7^ 0; and 
e{N)cF» is a ((j-)nilpotent orbit if g = 



E^:= ^q^F') eCx Dm 
and define by 



eWci?» e B{N) , if g = ■ 

The fibres of this map are the orbits of the action 

of {{N)c =)C on Efj, giving an isomorphism 
(6.3) Ej{a)c 4 r{a)^\D, 

(6.3) is valid quite generally, and the right-hand side gets topologized 
by the left. 



Remark 6.2. Kato and Usui do not offer any magic prescription for 
how to choose S. (One of their key examples is simply to take all 
rays generated by rational nilpotent elements of m.) Indeed, it can 
be tedious to check that a given choice of a (or N) satisfies criterion 
(5.1)(ii) in the definition of a ((j-)nilpotent orbit. We have worked 
around this issue by assuming B{a) ^ above, but obviously must 
face it for the examples in §8. By [CK, (2.3)], in order for B{a) to be 
nonempty, the necessary conditions (on a) are: 
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(a) (adiVj)*^+^ = (Vj), where k is the level of the Hodge structures 
(on m) in Dm] and 

(b) all N ea° define the same W{N),. 

It turns out (by the "converse to (2.3)" [op. cit.]) that a given F* 
satisfying (5.1) (i) gives a cr-nilpotent orbit (i.e. (5.1) (n) holds) if one 
has (a),(b), and 

(ii') the pure Hodge structures induced by F* on the^^ 



are polarized by the restriction of S ((•), (adA'")'^(-)j (for some N e a°). 



We expect, but have not proved in full, that this only needs to be 
checked on the {Pk}- 



We are interested in when ro-\-B(o") has an arithmetic algebraic struc- 
ture - i.e., a canonical model over Q - especially in those cases when 
r\DM does not. In order to uncover this we have to understand the 
fibration structure, starting with the prequotient B{a). We make the 
shght notational change of letting (po (or {F*, W{a),)) denote our Q- 
split point, and (p (or {F* ,W{(t),)) an arbitrary point of B{a). We 
shall write /^^^(tnc) for the Dehgne subspaces corresponding to P(o), 
and A^^'~'^(mc) for 0p<o,g<o -^fo) ('Tie)- Let n denote the level of the 
Hodge structures parametrized by Dm- 

By Proposition 4.3, together with the faithfulness of the action of 
Miv(K) on lo, we obtain: 



Pk := ker ((adiV)^+i) C Grf^'^V 




7. Boundary component structure 




B{a) = (m,(C) X G'b(.)(M)) .{F-,W{a).) 



'These Pk (which contain our P^) are the more conventional primitive spaces. 
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= (m.(C) xG'b(.)(M))//^^^; 

where Kp- = Hp' x and Hp- = (M^(C))^. (stabilizer oiF^). (The 
action on W{a), is of course trivial.) Passing to nilpotent orbits, we 
have 

The Mumford-Tate domain of a generic fsput, viz. 

^((t) := G'B(,)(M).((^o)spiit = G'B(,)(K)/i^^, 

is contained in the product of period domains^^ for the (Pfe, Qk)- Send- 
ing ip resp. e'^'^^^(p to </?spiit gives bundles 

(7.1) B{a) ^ B{a) 



D{a) 

with fibers through (p 

= M,(C). (F*, W^((7).) , = M,(C).e^'^>^FV 
To refine (7.1), recall that we have a filtration of the Lie group 

M:=M,(C)^GB{a)[ 



by normal subgroups W^kM = Vl^_jtM^(C) {k > 1). Writing JC := 
Xj.., set 

5. . f M \ / f IC \ 



5(a)(1) , k = \ 

e<->c\S((7)(fe), A;>1 ■ 



The fibration p^. then factors 

B{a) » ^{<y){k) -f, ^(t^)(fc-i) ^ » -f, ^((^), 



"More precisely, for a generic (/Jgpiit) -D(cr) surjects onto the MT domains of all the 
irreducible pure Hodge structures into which <Pspiit decomposes. 
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with fibers (of p'^\ tlirougli if) 

(79) ^(fc) ^ Gr^,M ^ Gr\M^{C) ^ Gr^J^^m.^c) 

A key point fiere is tfiat since tfie commutator of W^iM. and W^jM. 
lies in W^_(j+j)A^, the Gr^^AI are abelian {k > 1) with the resulting 
additive structure on visible on the right-hand side of (7.2). The 
version with tildes removed only differs from (7.2) at /c = 2: 

^7 3^ ^(2) _ ^'--k (nv.c) 

In (7.2) and (7.3), Gr^lf\vc\.fj) is a Hodge structure of weight —k and 
its F° depends on 9?spiit = Pcr{0) G D{a). 



Remark 7.1. To make all of this more concrete in the rank one case, 
recall that 

nil \ 

(7.4) ^ = 0iV^P, . 
We may view (for A; > 1) 

(7.5) ^ggFOHomc(P,,iV.P,_,+,,) 

as being cut out by (among other equations) polarization conditions. 
(For higher rank, m = ©^^^ {©^^^q {^^,<■■■<^, N,, ■ ■ ■ N,,P() } leads to a 
slightly more complicated formula.) For the fiber through ipo, here is 
how this works: thinking of 5^ G W-k-M. as an automorphism of (7.4), 
we write = id. + ^ + where 

^ee^Homc {E{i),E{e-k)) 

g' e ©,Homc iE{i), WiN)e-k-im) 
and g is determined by its "components" 

g^ij) e Home (P^, N^Pe-k+2j) ■ 
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Given a E Pe, (3 E P£-k+2j, and q G Z>o we have 

B{a, mf5) = B{ga, g^fi) = B{ga, N^gf]) 

= {B{a, mp) + Qigoc, N'^m) - B{ga, - B{a, N''g/3) 

+ {terms involving g} . 

Choosing q = i — k + j forces B{a, N'^P) and both bracketed terms to 
be zero, so that 

B(ga, N'i/3) + B{a, N'^g/3) = 0. 

Since tn is A'"-polarized (and B pairs E{k) with E{—k)), we conclude 
that g{i,j) and g(e-k+2j,k-j) determine one another provided the sub- 
scripts are distinct. For k even and J = | they coincide, and B directly 
imposes conditions on g^^ ky 

B{gb,N^-h') = -B{b,N^-^b') = {-lY-^+^B{N^-h,gb') 

= {-lY--^-^^B{gb',N^-h). 

The result is a symmetry (or skew-symmetry, depending on A; — | -|- 1) 
condition on [the matrix entries of] G Home (^Pe, N^P£^ . 

In our situation all these constraints (and others, including those 
coming from the Lie bracket's status as a Hodge tensor) are implicit in, 
and computed by, the formula on the right-hand side of (7.2). However, 
a computation like that above can be valuable for finding dimensions 
of boundary components of ordinary period domains without entering 
into Hodge structures on Lie algebras. 

We are now ready to consider the (left) quotient by Fg. in the context 
of the iterated fibration above. 

Lemma 7.2. F^ < Mb(^)(Z). 

Proof. As a subgroup of F, is integral, unimodular, and neat. Since 
Fo- preserves a and its faces, it acts on (a) through a finite group, which 
by neatness must be trivial. So F^. fixes a (hence N and all P^) and 
belongs to Z{a){Z). 
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Now the polarizing form B is preserved by the action on m of M(Z), 
a fortiori by that of To-. So preserves (Pfc, Qk) for each k, and thus 
acts through the (finite) integer points of an orthogonal group on the 
spaces of Hodge tensors in each P^f " (8) P^''. By neatness, these actions 
are also trivial/^ and the conclusion follows. □ 

Clearly T^- preserves W{a), and commutes with e^'^^^. We therefore 
have a fibration tower 

B{a) » B{a)^^) ^ B{a)^^_^) » B{a)^^^ D{a) 

Pa Pa 

with fibers '^^^\ where: 

• D[a) := Gr'!^Tfy\D[a) is a standard Mumford-Tate domain 
quotient (i.e. by a neat subgroup of Gb{c){^)) 

• ^^^^ '■— Gr^^ra\^ ^l^^ is isogenous to the quotient by Gr^^'^^m.cr^z, 
i.e. to a (generalized if A; > 1) intermediate Jacobian. 

In particular, the ^^^^ are complex tori for A; = 1 and complex semi-tori 
for A; > 1, with complex structure depending on [</?spiit] £ D{(t). 

Remark 7.3. (i) In order that the Gr'^V„ not act on the fibers, we 
need to know that it acts on D{a) without fixed points. While this 
follows from the fact (cf. Theorem 6.1) that V\Dm,t, is a log- manifold, 
a direct argument can be given as follows. If (^spiu G D{(t) is fixed 
by 7 e Gr^Tcr, then its Q-closure M. (as a morphism) commutes 
with 7. The orbit Al(R).(^spiit is then a MT subdomain of D{a) fixed 
pointwise by 7. Since every MT domain for Hodge structures contains 
a CM point, 7 fixes a CM Hodge structure (^spiit and thus its irreducible 
pure polarized CM HS components. These are all of the form described 
in [GGKl, sec. V], constructed from a generahzed CM type {K,Q). 
The integral points of their MT groups are contained in the elements 
of 0*j^ with modulus 1 under all complex embeddings. By a theorem 

^^Lest the reader doubt the assertion that V can be chosen neat and of finite index, 

wc remark that by Chcvallcy's theorem Gr^ AIb(ij) is "cut out" by finitely many 
Hodge tensors. So once triviaUty is checked for finitely many a and 6, it follows for 
the rest. 
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of Kronecker, these are roots of unity. The neatness assumption on T 
(hence on Gr^Fo-) now imphes that 7 acts trivially on (BeGrY^'^^vn. and 
so is itself trivial. 

(ii) That the Gr^^^F^ do not have fixed points on ^^^^ is a consequence 
of Lemma 7.2. 

We can immediately characterize an important special case. 

Proposition 7.4. (i) Ifm^ = (a) and QB{a) C it^'^^ + 7^°'°^ + 
then B{a) is an irreducible component of a Shimura variety. 

(ii) IfW{(T)-2VCla = (O-); Gr^^^^VCla is of type (-1, 0) + (0, -1), QB{a) 

is of type (—1, l) + (0, 0) + (l, —1), and the map Qb{(t) End{Gr^^'^''m„) 
is injective, then B{a) is the canonical abelian fibration over (an irre- 
ducible component of) a Shimura variety of Hodge type}^ 

Proof. That Qs^a) be of type (—1, 1) + (0, 0) + (1, —1) is the criterion 
for D{a) to be a Hermitian symmetric space (cf. [Ke, sec. l.D] or 
[Mi]), and Gr^V„ C Gb(^)(M)+ (being of finite index in GB(a){^)) is 
of congruence type. Otherwise, this follows from the theory above. □ 

In either case, B{a) is a quasi-projective algebraic variety with a 
model over Q. [Ke, sec. 5.B], [Mi, Ch. 12-14] 

Remark 7.5. In order to check the conditions of Proposition 7.4 and 
later results, it may be helpful to note that 

iy_^m^ = (n^- ker(adAr^)) n im {(adiV)'^} . 

Now it is natural to expect that the constraints required to make 
B{a) a CM abelian variety are even more stringent than those in Propo- 
sition 7.4. As we shall see, this is not the case. We first dig a bit further 
into the boundary component structure. 

Lemma 7.6. The following are equivalent: 

(i) the base D{a) is a point; 

(ii) the Gr^^'^\{a) (and thus P^, Gr^^'^^xn) are polarized CM Hodge 
structures, constant in (p E B(a); 

i^cf. [Mi, Def. 7.1] 
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(Hi) GB{a) [resp. QB{a)] is abclian; 

(iv) in the decomposition of [resp. Qa] into Q-simple and abelian 
factors, the projection of {ipo)spiit [resp}^ (p] onto the simple factors is 
trivial. 

Proof For (i) ^ (ii) (Hi), sec [GGKl, Ch. V]. (Hi) =^ (iv) 

is obvious, and is essentially Prop. (IV. A. 9) in [GGKl]. □ 

Lemma 7.7. The following are equivalent: 

(i) the fibers are compact; 

(ii) B^(a) = B{a); 
(Hi) A-^'-i(mc) = {a)c- 



Proof, (i) ^ (ii): The point is that B^(a) also admits an iterated fi- 



bration, with compact ~ — — Anything "larger" is 



not compact. 

(ii) <^ (iii): This is because ^^^'^'^ = ^^^^ if and only if 

□ 

Remark 7.8. Under the equivalent conditions of Lemma 7.7, the fibers 
are complex tori if, in addition, is abelian. This is ensured by 
assuming that the weight filtration on rrio-/ {(j) is short: for every k, if 
Gr'^,^''\raJ{a)) + {0}, then ^(a)_2,(mj(a)) = {0}. 



Now assume D{a^ is a point, with single fiber 5^ (= i?((j)) a complex 
torus. Writing 14 for the weight {—k) Hodge structure Gr^^''^ (x^a I (c)), 
we know that ^ is isogenous to 

''^>Vo(T4,c) + l4,z ''^>'^^^'^- 
The Vjfc are polarizable CM Hodge structures, and therefore each have 
a decomposition of the form 

(7.6) e(v,ie.))*"" 

i 

^^Here <^ G g^^u. is the "tangent" to ((Ao)spiit is in §§3 - 4. 
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where the {Ki} are CM fields and Gj (— A;)-orientations. Referring 
to [GGKl, Ch. V] for a fuller discussion, these are partitions of 
Hom(ii'j, C) into (p, g)-subsets {p + q = —k) in a manner consistent 
with complex conjugation. This induces a decomposition of Ki (8)q C 
into (p, g)-subspaces, putting a (necessarily polarizable, weight (— fc)) 
HS on the Q- vector space K^. 

By Lemma 7.7(iii), in our present case either (p, q) or its "conjugate" 
{q,p) is always in Z>o x Z. For each term in (7.6), define a CM-type 
Q\ by replacing the pairs in Z>o x Z by (0, —1) and their "conjugates" 
by (—1,0). The resulting weight (—1) HS V'^^^q,) is well-known to be 
polarizable, with Jacobian a CM abelian variety. So while the HS 



is of type (—1, 0) + (0, —1), it shares the same underlying integral struc- 
ture and F° as V^, and we conclude that 



This proves that J{Vk) hence 5^ is a CM abelian variety. 

Here, then, is the strongest result that van be stated without explicit 
knowledge of 4>: 

Theorem 7.9. Assume B{a) C {X\Dm,y) is nonempty, and that 

(a) W{a),{m„/ {a)) is short, 

(h) K-^'-\xnJ{a)) = {0}, and 

(c) i{(7)/ma is abelian. 
Then B{a) is a CM abelian variety (and has a model over Q). 

A useful shortcut is provided by the 

Corollary 7.10. B{a) ^$ is a CM abelian variety ifW{a)_2^a = (o") 
and ${a)/ma- is abelian. 

In the rank one case, using Remark 6.2, this yields the most practical 
criterion: 




AVk) = J{vi). 



Note that we consider a point to be a zero-dimensional CM abelian variety. 
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Corollary 7.11. Suppose Dm parametrizes (weight zero, B -polarized) 
HS on m of level 21. A nilpotent N e ttiq produces a nonempty bound- 
ary component B{N) iff: 

• (adiV)2^+i = 0; 

• N{F') C F— \ for some F* e Dm; and 

• [Pk{N),GrY^^^F',B{; (adiV)^-)) is a polarized HS for each k. 
If in addition 

• ker(adA^) n im{(adA^)2} = (N), and 

• [ker(adN),ker(adN)] C im(adN), 

then its quotient B{N) is a CM ahelian variety, of dimension 
|dim(Gr!^/^V). 

Remark 7.12. For purposes of directly generalizing the arguments in 
[C], one requires not only that a boundary component quotient be arith- 
metic, but to have M of Hcrmitian type and (adA^)^ = 0. The reader 
may have noticed that we ignored the (easy) case when B{a) = (C*)™', 
although this is obviously defined over Q and we shall encounter such 
examples in §8. This is because to have a (C*)™ boundary component 
with (adA^)^ = 0, Dm would have to parametrize HS on m of level 2; 
that is, it would already be classical. 

8. Examples 

The authors expect, in a future work, to use Corollary 7.11 (and other 
results above) to treat systematically the MT domains for simple Lie 
groups classified in [GGKl, sec. 4]. Here we shall restrict ourselves to a 
quick analysis of a few examples which motivated this paper. The first 
is quite classical, and the first three just compute (but very efficiently) 
the boundary components of some period domains. A slight difference 
to how the results are stated above, is that we start with a Hodge 
representation F of M on a smaller vector space than m. This can be 
more convenient for checking that B{N) or 5((t)^^ is nonempty, e.g. 
by producing an F* such that {F* ,W{N),) is an A'"-polarized MHS. 

^■^The rank of B{a) (:= dim{a)) is one in all but the first example. 
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Having done this, we then content ourselves with P''^ diagrams (7^ of 
dots at the (p, g)-spot = dim(P''')) for the LMHS on V resp. m that are 
parametrized by each boundary component. These are easy to produce 
if one knows the /i^'^'s for m (which can be looked up in [GGKl, Ch. 
IV] for simple Lie algebras) corresponding to those chosen for V, and 
if one computes the ranks of kernel and image of (adA/")*^ acting on m 
(left to the reader). The structure theory of Mb(n) and B{N) can then 
be read off these pictures from the results above. 



Example 8.1. M = Sp^, dim(l^) = 4, = = 2, 

/ 1 \ / \ / 





Q 



-1 



V 



N2 



J 



\ 







V 1 



1 

V 

N^N^^N2, a^Q>o{Ni,N2); 
producing F* is left to the reader. The standard J^'^'s (for V) are then: 

A9 



UP 



M 



1 P 

B(Nj) 





1 ? 


1 








a 






\ 




1 



while the adjoint /^''^'s are depicted in 



^ 1 



M 



incl. 



1 ^ V 



1 



with generators of trio, circled and generators of 3(0-) /mo- = Pq boxed. 
(For S((7),Po = {0}.) 
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Turning to boundary component structure, for B{Ni) we have 

over R because the boxed stuff is 5(2 and (f) cannot be (since the 
Hodge structures on the Pk are nontrivial); and 



Consequently, B(Ni) ~ an eUiptic modular surface. Geometrically, 
given a degeneration of genus 2 curves 




B{Ni) records the isomorphism class (with F-level structure) of E and 
AJ{\p] - [q]) e J{E). 
For B{a), 

Gr^MB(a) is trivial 
implies B{a) = C*. Given a degeneration of genus 2 curves 



00 




a, 



(normalization) 





the C* records a (i.e. the cross-ratio). [GGK, Ga2] 
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We can also consider B{N), which has P''^ diagrams 




(standard) (adjoint) 

While Pq 7^ {0}, is trivial since the MHS is Hodge- Tate, and so 
Gr^ Mb{n) is once again trivial; on the other hand 

So in this example, Mb{n) = Mn C Z[N), and we have B[N) = 
(C*)^^. (In every other example we consider here, it turns out that 
Mb{n) = Z{N) [or Z{a)]. This is because all the Qat's which turn up 
are trivial, 1-dimensional, or [over M] sl2-) 



Example 8.2. M = Sp4, dim{V) = 4, h^'° = /i^,! ^ f^i,2 ^ ^0,3 ^ 
with 

/ 1 \ 

1 



Q = 



-1 



V -1 



By [GGK3], up to a symplectic change of basis the only possibilities 
for N are 



a 

c b 
\ d c —a ) 



A 



with = ^ > 
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and we refer to [op. cit.] for the F*'s. For the period domain itself, 
have /^'^ diagrams 



V 



Next, the LMHS in B{Ni) have P'^'s 



N, 



N 



3 • 

/ 



and MB(Ari) = M^, ^ Gf , S(7Vi) ^ C* 
Turning to B{N2), one has 



ffl 


- 3 






m 






• H* 

3 

ffl 



and from 



f Gr^MB^N,) = -^Ls (over R) 
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we conclude that B{N2) — an elliptic modular surface (in spite of the 
fact that it doesn't fall under Proposition 7.4. 
Finally, for B{Nz), the /^'^'s are 

k 



N. 



y 



m 



SO 



from which (by Theorem 7.9) B(N^) is a CM elliptic curve. 



Example 8.3. M = SO{A, 1), dim(V) = 5, /i^.o = ^0,2 ^ 3, /i^.i = 1, 



/ 1 






f 


1 \ 




-1 




1 


1 




-1 


, N = 




-1 




-1 









V 


-1 ) 






0/ 



Writing u,vi,V2,V3,V4^ for the basis of V, we have WqV — {u — V2) 
and W2V — {vi,V3,V4,u — ^2). For an F* e Dm for which e^^^F' 
is a nilpotent orbit, we can take = {u -\- ViiV^ -\- iv^) and = 
{vi, u + V2,V3 + iv4), which satisfies Q{F'^, F^) — and polarizes Gr^^ 
and Grf kerA^. 
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The /^'"^'s for the standard representation are 
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N 



B(N) 

From the adjoint representation we instead obtain 




•r 



2 



M 



B(N) 



As far as /^•'^'s go, B{N) is essentially the only type of boundary com- 
ponent for the period domain Dm- We have 



and hence that B{N) is a CM elliptic curve. 



Example 8.4. (Carayol's example [C]) 

This takes a bit more setting up, and (unlike the other examples) 
involves distinct 'G and M ~ 'G^ — in this case 

'G'(R) ^ C/(2, 1) 
/W(R) ^ SU{2, l)^ ' 

Let y be a 6-dimensional vector space, Q -.V xV ^ Q_ oxi alternating 
nondegenerate bilinear form, and d be a square-free integer. We fix a 
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ring homomorphism 

: F := Q(V^) ^ EndQ(V^) 

such that in the decomposition Vf — V+®V^ into eigenspaces for the 
conjugate complex embeddings of F, V+ is Q-isotropic. Consider a 
Q-polarized Hodge structure^^ 



with = h^^ = h'^^ = 1 



h{v, w) :— 



Then, as in §1, 



V : U ^ Aut(V,g,/i) 

^•^ - 1 ' ^ /i^.o ^ I ^2,1 ^ 2). Finally, set 
dQ{v, w) and 



'G := Aut(F, Q, /x) ^ Aut(y+, h). 



'G'(R).V = M(R).(Ad o V) = i^M 



and 'G is the Mumford-Tate group of a generic Hodge structure (on V) 
in the left-hand orbit. 

More precisely, we may choose Q and an F-basis {71, 72, 73] Q V+ so 
that 



[h]. 



V -1 



-1 \ 



C,E,G e iR 
A,B,DeC 



and then rriK identifies with elements of End(y+,c) of the form 

/ A B G \ 

DEB 
V G D -A J 

(Wc can define a 'ip by F^V^ = (72), F^\/|_ = (71 + 73,72); this won't 
necessarily be the F* giving the nilpotcnt orbits below.) Up to conju- 
gation by M(M), and under this identification, the only nilpotents in 



The notation means in particular that /i(F) C End/(^(y). 
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m giving nilpotcnt orbits are 





( ° 


a 


ia 






( ° 





±ib \ 










a 

















lo 








J 




lo 





/ 



where a E ¥ , a E Q, and b G Q+. We refer to [C] for the proof. 
Turning to /^'*'s, the generic element of Dm has 

A 




For the three types of boundary components, we have 





(9)' 
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which gives Mb{n^) = Mn, = Gf, B{Ni) ^ C*; 




2^ 




(§)' 

4 



N2 



2 



which yields 



m 

fnx2 



making B{N2) a CM eUiptic curve; and 





V 



with everything else the same as in the N2 case. 



Example 8.5. M = G2, dimV = 7, h^'^ = h^'^ = 2, h^'^ = 3, 



Q 



h 









N 





-1 


1 




\ 














1 








-1 


1 








-1 
















-1 


1 
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(note N"^ = 0). Inside 5*0(3,4), G2 is cut out by preserving a cer- 
tain 3-tensor. In the present wi, 1*2, M3, vi, ^2, 't'a, basis, 02 consists of 
matrices of the form 
/ 






f-a 


-b-e 


A 


B 


C 


H-F 







d — c 


D 


E 


F 


C-G 


h + e 


c — d 





G 


H 


-A-E 


D-B 


A 


D 


G 





—a 


-b 


-d 


B 


E 


H 


a 





— c 


— e 


C 


F 


-A-E 


b 


c 





-/ 


H-F 


C-G 


D-B 


d 


e 


/ 






V 

Clearly N is of this form. 

On V , N induces the weight filtration 

■ (W^3 = V) 

W2 = {u2,V2,V4,Ui+V3,U3 + Vi) 
Wi = {ui+Vs,U3 + Vi) 

(Wo = {0}) 
and it is easy to see that 

:= {vi+iv3,V2-iv4) 
:= {ui,U2,U3,Vi + iv3,V2-iv4) 

produces an A^-poIarizcd MHS and belongs to Dm- In fact, this F* 
defines a HS ip on V polarized by Q, and the differential of <^ is a 
multiple (writing A = diag{l, —1}) of 



(— 




\ 




-A 



A 
/ 
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which is clearly in Q2. The P''^ pictures for V are 
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a 



M 



B(N) 



As for the adjoint representation, we have Hodge numbers h ^'^ 
h~^'^ = 4 = /i^'" and P''^ diagrams 



-> (• 



ffl y* 



^ — (?) M X * — 

2 



M 



N^f) W ffl • 



B(N) 



Since is nontrivial, Gr^ Mb{n) — SL2 (over M); moreover, '\W^_iM^ 
G^"^, and we find that B{N) is isomorphic to a family of (compact) 
complex 2-tori over a modular curve. 

As far as P''^ types are concerned, it turns out that there are two 
further types of rank one boundary components for this G'2-domain. 
On V, the corresponding diagrams are 

I? * q 
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We won't pursue a systematic treatment of tliis licrc. 



9. A G'2-VARiATioN OF Hodge structure 

In [GGKl, Ch. IV] it was shown that, up to Tate twists, there were 
three possible gap-free collections of Hodge numbers for effective rank 
7 Hodge structures with Mumford-Tate group G2'- 

(a) (2,3,2) in weight 2 (cf. Example 8.5); 

(6) (1, 2, L 2, 1) in weight 4; and 

(c) (1,1,1,1,1,1,1) in weight 6. 
For weight 6, the complete list of possibilities is: (c); twists of (a) and 
(6); and (2,0,0,3,0,0,2). 

It was also asked in [op. cit.] whether G2 arises as the Mumford-Tate 
group of a motivic Hodge structure. This is the transcendental question 
most closely related to Serre's famous problem on motivic Galois groups 
[Se], and has received less attention than the corresponding one for i- 
adic monodromy. It turns out that recent work of Dettweiler and Reiter 
[DR] on Serre's problem produces a family of quasi-projective varieties 
over S :— P^\{0, 1, 00}, the lowest weight part of whose degree-6 coho- 
mology carries a VHS of type (c) and MT group G2- By [An, Lemma 
4] (also cf. [DeS, 7.5]), this is also the MT group of WqH^ of a very 
general fiber. 

Consider the family 

TT 

(9.1) A:<^^^^^^^^^y^^s 

of 6-folds defined by 

n := (Pi\{0, 1, 00}) I (^n(x, - x.+i) j (xe - s) = o| 

[ 1=1 1=1,3,5 1=1,2,4,6 J 

with involution 
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sending y i— )• —y. Denoting by (•) the (T-(— l)-eigenspace, the local 
system 

V:= [Gr^R\iQy 
(with stalks Vs) induces a monodromy representation 

p:MS^l^)^Aut{Vs,). 

with associated (geometric) VHS V and stalks Vg. The geometric mon- 
odromy group n of V is the identity connected component of the (Q- 
)Zariski closure of the image of p. Write V for the associated VHS 
and My for its MT group; we recall that this identifies with the MT 
groups of fibers Vs outside a countable union of analytic subvarieties. 
Denoting unipotent Jordan blocks of length n by J{n), we have the 

Theorem 9.1. [DR] (a) The monodromy types ofY about 0, 1, oo are 
(-1)®^ © l®^ J(2)®2 © J(3), and J{7), respectively, 
(b) n = G^.''^ 

Corollary 9.2. (i) My — G2; and (ii) V has Hodge type (c). 

Proof. By the Theorem of the Fixed Part [Sc], 11 is normalized by 
My (cf. [An]), and so G2 < My < 5L(K). Using the fact that 
NsL7{G2) = G2, {i) follows at once. 

For (ii), one can argue in two ways. On the one hand, the presence 
of the J(7) block means that V is not isotrivial ( =^ (2, 0, 0, 3, 0, 0, 2) 
is impossible), and that 0, which is impossible for a VHS of level 

< 6. Alternatively, one can show that '^^i^-^-^^^s extends to an anti- 
invariant holomorphic 6-form on a cr-compatible good compactification 
of Xg. Noting that ^ (Wgi^^TT^Q)", this shows that 

(0} ^ (V^)''° = (v'^'^y 

which at least rules out Hodge types (a) and (b). □ 

Of course, the Theorem and Corollary are valid for and as 
well. 

^"^In fact, they state this for the Q^-cfosure of im(p) (cf. the proof of Theorem 3.3.1 
in [DR]), but since p is defined rationally it makes no difference. 
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Each of the Hodge types (a)-(c) corresponds to a projcction^'^ on the 
weight diagram for the standard 7-dimensional irrep of G2'- 

1: 



)c 2 




(a) 



3 



>: 2 



(b) 



1 



1 



1 



Fix a Hodge type. Reasoning heuristicaUy, from this picture together 
with the root diagram for 02, 




one may read off enough information about the possibihties for nilpo- 
tent e 02 satisfying N{F*) C to classify the /^'^-types of their 



^see [GGKl], sections VLB and IV.F. 
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associated limit mixed Hodge structures (or boundary components). 
For type (c), these are 




I II III 

the first two of which match the degenerations of V (or V^) at oo and 
1 (resp.). It would be very interesting to compute the LMHS at these 
points. In particular, the adjoint /^'^ diagram for type I shows that the 
corresponding B{N) is a C* which classifies the extension of Z(— 5) by 
Z(0) (or dually, Z(— 6) by Z(— 1)). One could also try to classify all 
type (c) VHS over S^^ with a type I and type II monodromy point, in 
the spirit of Doran and Morgan [DM]. We put these problems into a 
broader context in the next section. 



10. Rigidity and boundary values 

To conclude this article, we wish to highhght how MT domains and 
their boundary components provide a convenient structure in which 
to think about rigidity and finiteness (Arakelov-type) results for VHS. 
We fix once and for all a complex algebraic manifold S and a point 
Sq E S. In view of the result of [De2], that there are only finitely many 
Q-local systems V — >■ <S of given rank underlying an integral polarizable 
variation of Hodge structure, we shall fix V as well. Writing V :— Yg^ 
{— Q- vector space), we have as in §9 the monodromy representation p 
with image F C GL{V) and geometric monodromy group H C GL{V). 

Let {Os, T\ Q, V) be weight n PVHS over S (abbreviated "V"), with 
MT group My < GL{y). As V is fixed, V may be recovered from the 



'We shall have more to say about this approach in the future work. 
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associated period map^^ 

(10.1) ^v-S^ r\D, 

where D is a (connected component of a) MT domain parametrizing 
Q-polarized HS on V with the same Hodge numbers h as V and MT 
group My. We define the MT- class [V] of V (or $v) to be the set of all 
(Q-)VHS on S with local system V, polarization Q, Hodge numbers h, 
and MT group < My < GL{V).'^^ 

Following [GGKl, sec. HI. A], there is an almost-direct-product de- 
composition My — Ml • • • M£ • A, with {Mj}l^i Q-simple, A abehan, 
and H = Ml • • • Mfe = M^^r for some k < i, write Mfi^ = M^+i ■ ■ ■ Mf - 
A. By passing to a finite cover, by the Structure Theorem for VHS 
[op.cit.] we may replace (10.1) by a period map of the form 

(10.2) : 5 ^ r\D,ar X Dfi, ^ (r\M,ari^)/H,ar) X Mfi,{R)/Hfi, 

whose projection to Dfi^ is constant. Hodge-theoretically, (10.2) simply 
reflects the splitting 

(10.3) tUy = rtlvar ® ^fix 

of the weight-zero variation induced by V. In particular, we note that 

(10.4) (m)^ = mfi,. 

By a horizontal local deformation of $v iii its MT-class, we shall 
mean an extension of V (from S x {0}) to a PVHS over S x A with 
MT group My. (Here A is the unit disk, with coordinate t.) Define V 
(or $v) to be MT-rigid if all such deformations are constant in t. 

Write <E> for the extension of (10.2) induced by such a deformation. 
Its derivative at t = gives a section 



(9$ 

;i0.5) . := ^ 



r (5, (V'' ® vy 



5x0 



^^For each s G S, we may consider ify^g := ^v{s) as a morphism U — >• Aut{V,Q) 
(defined up to the action of F) . 

^'''in some ways it is more natural to allow the MT group to be any conjugate 
gM\;g~^ with g G Aut{V, Q)^ =: Gq; to get a finiteness result one then has to go 
modulo the equivalence relation on such VHS induced by the action of ^q. 
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which, by a curvature argument [Pe, Thm. 3.2(ii)], is flat. It is therefore 
a constant section of the fixed part, and determined by its value i^(so) G 
End{V)^. In fact, since our deformation was restricted to the MT 
domain, using (10.4) 

(10.6) 1^ = i^iso) e m^^/. 

Here, the Hodge decomposition of xrifix is constant over S by the The- 
orem of the Fixed Part [Sc], and induced by the projection to xtifix of 
Ad((/7v,s) (for any s, say Sq). 

Proposition 10.1. //mj// = {0}, then V is MT-rigid. 

Turning to the cardinality of [V], instead of complex variations (as 
in [Pe],[De2]) we shall make use of the Structure Theorem and the 
following simple uniqueness result. 

Lemma 10.2. Let T-L and T-L' he two polarizahle weight n VHS over 
S with the same underlying local system H. //"He is irreducible then 

Proof. According to the Theorem of the Fixed Part, Ends{M.,M) must 
underlie a subvariation of 1-0^®%'. The hypothesis implies Ends{M., H) = 
Q(idH) by Schur's lemma. Therefore ide G ("H^ ® 'H')*^°'°^ and is a mor- 
phism of VHS. □ 

Note that in the Lemma, we need not assume that % and %' have 
the same Hodge numbers or polarization. 

Example 10.3. If 5 is a curve and H has maximal unipotent mon- 
odromy of order equal to its rank about a point of S\S, there is at 
most one polarizable VHS on H. This is the case both for the "Calabi- 
Yau variations" investigated by Doran and Morgan [DM] and for the 
G2-variation in §9. 

In the period domain for Q-polarized HS on V with Hodge numbers 
h, the locus NL{My) of HS with MT group contained in My is a finite 
union of (connected) MT domains. Within each such domain, a HS 
</? is determined by the weight- zero structure it induces on rttv, which 
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necessarily splits into mi © • • • © © o as these summands are closed 
under the adjoint action of My. Further, since Ad o </? acts trivially on 
the abehan part a, we have ac = 0°'°- 

Write m = mi ® ■ ■ ■ ® mt ® a C (g) V for the Q-local system 
arising from (g) p\my Let my = mv,i © • • • ® my/ © a and nriw = 
mw,i © • • • © f^v,e ® 3w denote the VHS on m induced by V and some 
other variation W G [V] with period mapping $w : S — >■ r\D into 
the same MT domain. Assuming that the {Mj}i<j<fe are C-simple, 
the {rrij}i<i<k are absolutely irreducible and Lemma 10.2 immediately 
imphes that nnv,i = nriw^j {1 < i < k). Noting that ay = aw (as both 
are trivial) and DM := [M, M] = Mi • • • M^, we have proved the 

Theorem 10.4. // 11 = DMy and the Q-simple factors Mj of My are 
absolutely simple, then [V] is finite; more precisely, we have |[V]| < 
|7ro(iVL(Mv))|(< oo). 

Remark 10.5. (i) Hypotheses on V which ensure 11 = DMy are the 
presence of a CM point [An, sec. 6] or a graded-CM LMHS [KP, sec. 
8]. 

(ii) An approach to computing |7ro(A^-L(Mv))| is described in [GGKl, 
Ch. 6]. 

Beyond their relation to the hypotheses in Example 10.3 and Remark 
10.5(i), boundary components provide (together with the choice of D G 
7rQ{NL{My))) a means of parametrizing [V]. It is well-known (cf. [PS, 
Cor. 12]) that any W G [V] is determined by its restriction to Sq] in 
the same spirit, one has the next 

Proposition 10.6. Suppose S is a curve, andxo G S\S a point. Then 
any W G [V] is determined by its LMHS ■0X0^ xq. 

Proof Let W, W G [V], and put S := W"^ ® W (with underlying local 
system C?> V). Since the fixed part Ef^^ (g) Os = Sfi^ ^ S is a 
(constant) sub- VHS, 
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is a sub-MHS. If tZ-^o W = ipxo^', then aam(idy) is Hodge of type (0, 0) 
in i/jxo^- By strictness of morphisms of MHS, idy is Hodge in Efi^. 
Hence, idy is Hodge (0, 0) in Sfi^ a fortiori in and W = W. □ 

When V is rigid in [V] (let alone | [V] | < oo) , it is natural to expect 
that the LMHS at xq has arithmetic significance - particularly if V is 
motivic and S defined over Q (cf. [GGK3, Conj. (111.B.5)]). A classic 
example of this is the class of the LMHS of the mirror quintic (1,1,1,1)- 
VHS at the maximal unipotent monodromy point, which is given by 
-200C(3) G C/Q(3) = ^a;4Hs(Q(0),Q(3)) [op. cit., sec. III.A]. We 
expect that the Picard-Fuchs equations identified in [DM] will allow one 
to examine how this invariant changes with the choice of local system. 
Moreover, it seems likely that the corresponding invariant (at the type 
1 boundary component) for the G2 example of §9 is a rational multiple 
of C(5)- These questions will be taken up in a later work. 
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